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Wobble damping using CMGs i s  i n v e s t i g a t e d  f o r  p o s s i b l e  
a p p l i c a t i o n  on a Skylab a r t i f i c i a l  g r a v i t y  experiment. Control  
to rques  provided by CMGs a r e  assumed p ropor t iona l  t o  s p a c e c r a f t  
angular  v e l o c i t y  components perpendicular  t o  i t s  sp in  a x i s .  
T h i s  c o n t r o l  l a w  is found t o  damp wobble b u t  r e s u l t s  i n  accumulated 
CMG angular  momentum. A t r adeof f  i s  shown t o  e x i s t  between t h e  
wobble decay t i m e  and CMG momentum accumulation. 

Venting torques  and smal l  misalignments of s p a c e c r a f t  
c o n t r o l  axes from p r i n c i p a l  axes are both found t o  r e s u l t  i n  a 
secular component of CMG angular momentum. While t h e  momentum 
bui ldup  r a t e  a s s o c i a t e d  w i t h  vent ing  torques  i s  n e g l i g i b l e ,  t h e  
bui ldup r a t e  associated w i t h  c o n t r o l  a x i s  misalignments i s  no t ;  
CMG momentum s a t u r a t i o n  can occur  wi th in  an hour. To a l l e v i a t e  
t h i s  problem, con t inua l  realignment of c o n t r o l  axes along p r i n c i p a l  
axes may be needed. For purposes of con t inua l  real ignments ,  a 
method i s  given fo r  loca t ing  p r i n c i p a l  axes  us ing  measuremente,of 
t h e  s p a c e c r a f t  angular  ve loc i ty .  A l s o  h e l p f u l  i s  switching o f f  
t h e  c o n t r o l  when wobble v e l o c i t i e s  reach an acceptab ly  l o w  l e v e l .  

Torques due t o  g r a v i t y  g r a d i e n t ,  c r e w  motion, and vent- 
ing  w e r e  found t o  produce undamped wobble motion i n s u f f i c i e n t  t o  
be de t r imen ta l  t o  c r e w  comfort  (based on c u r r e n t  e s t ima tes  for  
l i m i t s  on man’s phys io logica l  t o l e r a n c e s  and a d a p t a b i l i t y ) .  Con- 
sequent ly ,  wobble damping may not  be necessary,  p a r t i c u l a r l y  i n  
view of damping phenomena inherent  i n  t h e  Skylab veh ic l e .  

~~ SEE REVERSE SIDE FOR DI!XWBUTION LIST 
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TECHNICAL MEMORANDUM 

INTRODUCTION 

As manned spacecraft have become more sophisticated 
and as mission durations have become more prolonged, serious 
thought has been given to providing crews with an environment 
approaching that on earth, A step in this direction is arti- 
ficial gravity obtained by spinning of the spacecraft, Such 
an artificial gravity option is being considered for the pro- 
posed second Skylab. 

For the purposes of crew comfort, it is desirable 
for the spacecraft angular velocity vector to be fixed in 
inertial space and hence in the spacecraft as well. Any non- 
constant components of angular velocity in a spacecraft frame 
are termed wobble velocities and elimination of these is the 
objective of wobble damping. 

Pringlel has rigorously shown that a perturbed 
spinning body subjected to internal damping experiences asymp- 
totically stable motion if and only if the spin axis is the 
axis of maximum moment of inertia. This implies not only that 
a spacecraft must be spun about this axis but also that wobble 
damping can be accomplished by providing control torques which 
appear as damping terms in the spacecraft equations of motion. 
Control torques proportional to angular velocity components in 
the directions of axes associated with the two spacecraft 
smaller principal moments of inertia can be shown to have this 
form . 

The work of Appendix A investigates wobble motion and 
CMG requirements for a spinning satellite. The CMGs provide 
control torques proportional to angular velocity components 
along the control axes, which are considered slightly misa- 
ligned from satellite principal axes. In practice, uncertain- 
ties in construction, structural deformation, and relocation 
of crew and equipment within a spacecraft prevent precise 
knowledge of the location of principal axes. 
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For eventual application to venting, the effect of 
small, constant, body-fixed torques on a spacecraft are consid- 
ered in Appendix B. Both Appendices A and B neglect gravity 
gradient, aerodynamic, and other environmental torques. 

This memorandum is arranged as follows: The motion 
of Skylab is determined for a worst case crew motion and a 
method is given for continual realignment of control axes along 
principal axes. Then, assuming this method results in negligi- 
bly small misalignments, CMG requirements are determined for 
the worst case crew motion and for constant venting torques. 

WOBBLE DAMPING FOR SKYLAB 

A Skylab configuration modified with masses on booms 
and spinning about its axis of maximum moment of inertia (here- 
after designated the X3 axis) is being studied2 for artificial 
gravity experiments. Principal moments of inertia for this 
configuration are 

6 I3 = 4.572~10 6 I2 = 4.405~10 6 I1 = 0.929~10 

2 all in slug-ft . Three CMGs each with 2000 ft-lb-sec spin 
angular momentum and each with a 1 2 0  ft-lb maximum torque limit 
are available for attitude control. 

The CMGs are assumed to implement a control torque TC 
with components proportional to angular velocities w1 and w2 
about two control axes in directions of unit vectors and i2. 
The constant of proportionality K is the same for both axes and 

I 1 -  

I I 

I I 

i -1 and L2 are slightly misaligned from Skylab principal axes. 
I I  I I  

TC - = -Kwl L1 - Kw2 L2 

One source of wobble is crew motion. A worst case 
crew motion is considered to result when three 200 lb astro- 
nauts move from the Skylab mass center to a position x1 = 3 3 . 8  ft, 

tively, where L3 is perpendicular to i 
craft initially spinning at a constant rate 
maximum moment of inertia X3 and for instantaneous movement of 

x2 = 10 ft, x3 = 10 ft in the directions of Llf I &2f 1 i3 I respec- 
I I 

and i' For the space- 
about the axis of 

-2 ' -1 
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the crew, conservation of angular momentum may be used to 
determine that Skylab receives instantaneous angular velocity 
impu 1s es 

= 1.15~10-~0 @20 = 8.41~10-~~ 9 0  

MISALIGNMENT OF CONTROL AXES 

The 1,2 sequence of small Euler angle rotations p, - 
and p2 that rotate the unit vector &; into the direction of X3 

are assumed 

= 0.707O - 
p 1  - p 2  

ments can 
ments for 

Applying the results of Appendix A, several state- 
be made concerning spacecraft motion and CMG require- 
Skylab. Even for small control axis misaliqnments, 

the assumed control law damps wobble so that in the steady 
state Skylab is spinning about a fixed line very near its X3 

axis. Also, in the steady state, the CMGs attain a periodic 
component of angular momentum in a plane nearly perpendicular 
to X and a secular component nearly in the direction of X 3 .  3 
A tradeoff exists between CMG momentum accumulation and the 
damping time tD, defined herein as the time for wobble to decay 
to 10% of the initial value. Decreasing K and consequently 
increasing tD results in decreasing both the maximum magnitude 
of the periodic component of the CMG momentum, hereafter called 

and the buildup rate of the secular momentum component, AHmax 
hereafter called AH3/At. 
expense of increased accumulation of both CMG angular momentum 
components. 

Decrease of tD always is at the 

These tradeoffs between tD and momentum accumulation 

are demonstrated in Figs. (1) - ( 3 )  . Fig. (1) gives AHmax with 
respect to tD for ~ = 2  rpm (upper curve) and for w=6 rpm (lower 
curve). For Fig.(l), points are indicated on the curves for 
which control torques do not exceed the designated values Tmax. 
These correspond to limits on the values of K. Limiting the 
maximum control torque limits K for a particular set of initial 
conditions as shown in Eq.(l) for control torque. Figs.(2) and 
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(3) give AH3/At in lo4 ft-lb-sec per hour with respect to tD 
for w = 2  rpm and w =6 rpm, respectively. Considering minimum 
damping times corresponding to the 360 ft-lb CMG torque limit, 
buildup rates are 22,000 ft-lb-sec/hr for w =2 rpm and 10,000 
ft-lb-sec/hr for w=6 rpm. 
of the three Skylab CMGs in a fraction of an hour, a clearly 
unacceptable situation. 

Both of these saturate the capacity 

Since the secular components of angular momentum can 
be shown to be proportional to quadratic terms in vl and u 2 

t h e s e  
excessive accumulation rates can be alleviated by continual 
realignment of control axes to the directions of spacecraft 
principal axes. The problem of finding the location of princi- 
pal axes can be resolved by using the two relations of Eq.(24) 
of Appendix A and solving these for v l  and v2 in terms of steady 

and 

Y- t o  z e r o  fer no m i s a l i g n m e n t s  oE the czntrol  axes, 

I 1 

state components V1 and V2 of spacecraft angular velocities in 
~ 

the directions of the control axes 

Since K, 11, 12, I 
misalignments p1 and p2 can be calculated. 

are known and w, Vi, Vi can be measured, 3 

Also, simply turning off control when wobble velocities 
reach an acceptably low level would prevent continual accumula- 
tion of components of CMG angular momentum caused by any inaccu- 
racies in the realignment procedure. In addition, excessive CMG 
momentum accumulation in the X3 direction can be transferred back 
to Skylab by using the CMGs to impart a torque to the spacecraft 
in the X3 direction, thereby changing its spin speed slightly 
probably without significantly increasing its wobble. 

CONTROL AXES ALIGNED 

Now even though the misalignments of control axes are 
made extremely small and momentum accumulation in the direction 
of X3 is maintained at a low level, the magnitude of the accumu- 
lated periodic component of angular momentum is of concern. It 
is desirable to keep AHmax associated with an individual crew 
motion small in comparison to CMG momentum capacity. Then, 
numerous crew motions would not cause CMG momentum saturatiori 
because over a large number of disturbances the resulting momen- 
tum accumulations tend to cancel each other. 
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Fig.  ( 4 )  demonstrates t h e  t r adeof f  between tD and 
r e s u l t i n g  from wobble damping of t h e  w o r s t  case c r e w  AHmax 

motion f o r  c o n t r o l  axis misalignments assumed n e g l i g i b l y  s m a l l .  
T h i s  curve a p p l i e s  t o  Skylab f o r  w > 2 rpm and shows t h a t  by 
i n c r e a s i n g  t through decreas ing  K, AHmax can always be reduced 
t o  an accep tab le  level. 
expense of i nc reased  AHmax. A s  i n d i c a t e d  i n  F i g . ( 4 ) ,  t h e  maxi- 
mum a l lowable  K t h a t  i n s u r e s  t h e  360 f t - l b  CMG torque  l i m i t  i s  
n o t  exceeded by t h e  w o r s t  case crew motion g i v e s  minimum t,'s 
of 0.8 minutes wi th  850 f t - lb-sec  momentum accumulation f o r  
w = 2 rpm and 2.4 minutes with 275 ft-lb-sec momentum accumula- 
t i o n  for  w = 6 rpm. For ope ra t ion  a t  to rque  levels less than  
CMG torque  c a p a c i t y ,  l o w e r  maximum torque  v a l u e s  are i n d i c a t e d  
on Fig .  ( 4 ) .  

- 
D 

Inc reas ing  K decreases tD b u t  a t  t h e  

Y 

VENTING TORQUES 

The a n a l y s i s  of Appendix B g ives  t h e  e f f e c t s  of s m a l l  
c o n s t a n t  veh ic l e - f ixed  torques  on sa te l l i t e  motion and c o n t r o l -  
l e r  requirements  f o r  t h e  assumed c o n t r o l  l a w .  
ven t ing  torques3 

By cons ide r ing  

T1 = 0.096 T2 = 0.048 T3 = 0.187 

a l l  i n  newton-meters, i n i t i a l l y  a p p l i e d  whi le  Skylab is  sp in-  
n ing  about  i t s  a x i s  of  maximum moment of i n e r t i a  X assuming 

K1 = K2 = K and pl = p 2  = 0 ,  and applying t h e  r e s u l t s  of 
Appendix B, several s ta tements  can be made. 

3'  

E f f e c t s  of ven t ing  torques  are t h e  s a m e  i n  n a t u r e  b u t  
much less seve re  i n  e x t e n t  t o  e f f e c t s  of c o n t r o l  a x i s  misal ign-  
ments. Skylab wobble i s  damped such t h a t  t he  s p a c e c r a f t  i n  t h e  
s t eady  state s p i n s  about  a l i n e  very near  t o  X 3 .  

s t eady  s t a t e ,  t h e  CMGs a t t a i n  a p e r i o d i c  component of angular  
momentum w i t h  maximum magnitude AH 

pend icu la r  t o  X 3  and a s e c u l a r  component AH 

d i r e c t i o n  of X 3 .  Fig. ( 5 )  gives  AH f o r  K s i z e d  a t  each max 
s p i n  speed such t h a t  t h e  worst case crew motion would n o t  
produce torques  exceeding 3 6 0  f t - l b s .  
i n  ft- lb-sec/day wi th  K s i z e d  f o r  each s p i n  speed as i n  F i g . ( 5 ) .  
Compared t o  t h e  6000  f t - lb -sec  capac i ty  of t h r e e  CMGs,  F igs . (5 )  
and ( 6 )  show t h a t  vent ing  does n o t  cause excess ive  CMG angular  
momentum accumulation. 

I n  t h e  

i n  a p l ane  n e a r l y  per-  max 
n e a r l y  i n  t h e  3 

Fig. ( 6 )  g ives  A H 3 / A t  
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CON CLUS I ON 

S ince  wobble damping us ing  CMGs r e q u i r e s  alignment 
of c o n t r o l  axes and o t h e r  measures f o r  prevent ing  CMG s a t u r a t i o n ,  
a d d i t i o n a l  computer capac i ty  may have t o  be added t o  Skylab t o  
implement wobble con t ro l .  The probable  e f f o r t  necessary  t o  
provide  Skylab w i t h  active wobble damping raises t h e  b a s i c  
ques t ion  a s  t o  whether o r  n o t  CMG wobble damping i s  r e a l l y  
necessary  f o r  a Skylab a r t i f i c i a l  g r a v i t y  experiment.  Skylab 
sp inning  about i t s  a x i s  of maximum moment of  i n e r t i a  has  a 
l a r g e  angular  momentum o f  t h e  o r d e r  of a m i l l i o n  f t - l b - sec  

l a r g e  e x t e r n a l  t o rques  can produce wobble o f  s u f f i c i e n t  magni- 
t ude  t o  be d e t r i m e n t a l  t o  crew comfort. 

and conseyuentiy- is a very oiily- very- 

Although s u f f i c i e n t  experimental  work l i k e l y  has  n o t  
been conducted t o  f i rmly  e s t a b l i s h  l i m i t s  on man's phys io log ica l  
t o l e r a n c e s  and ,+adap tab i l i t y  t o  r o t a t i o n s ,  t e n t a t i v e  l i m i t s  have 
been suggested . These i n d i c a t e  a r a t i o  o f  s p a c e c r a f t  s p i n  
speed w over  wobble d is turbance  ad of  

w / w d  2 50 

f o r  crew t o l e r a n c e  dur ing  normal ope ra t ions .  For l i m i t e d  t i m e  
p e r i o d s  

i s  considered acceptab le .  

For t h e  wors t  case c r e w  motion involv ing  in s t an taneous  
movement of t h r e e  a s t r o n a u t s  from t h e  Skylab mass c e n t e r  t o  t h e  
f a r t h e s t  extreme w / w d  % 7 0 ,  which i s  wi th in  c r e w  t o l e r a n c e  l i m i t s .  
S ince  i n  p r a c t i c e  Zis turyances r e s u l t i n g  from crew m t i o n s  w i l l  he 
s u b s t a n t i a l l y  less,  i n d i v i d u a l  crew movements would n o t  neces- 
s i t a t e  a c t i v e  CMG wobble damping. A l s o ,  s t r u c t u r a l  damping and 
d i s s i p a t i v e  e f f e c t s  o f  f l u i d s  carried w i t h i n  Skylab may be suf -  
f i c i e n t  t o  p reven t  a long term cumulative bu i ldup  of wobble 
r e s u l t i n g  from numerous crew d i s tu rbances .  I n  a d d i t i o n ,  f o r  
t h e  Skylab conf igu ra t ion  modified w i t h  booms, s i g n i f i c a n t  
damping might be obta ined  through a s u i t a b l e  design of t h e  
booms. 

Other sou rces  of Skylab wobble are vent ing  to rques ,  
spin-up and spin-down, and environmental to rques .  By s e t t i n g  
K1=K2=0 i n  t h e  r e s u l t s  of Appendix B ,  ven t ing  torques  can be 
shown t o  produce n e g l i g i b l e  wobble f o r  Skylab uncont ro l led  motion. 
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APPENDIX A 

WOBBLE DAMPING USING A MOMENTUM EXCHANGE DEVICE 

SYSTEM DESCRIPTION 

The configuration to be analyzed is shown in Fig.(7) 
and consists of a spinning satellite S carrying a system of 
bodies. 

control torques on the satellite. (In practice these bodies 
are typically control moment gyros or momentum wheels but it 
is not necessary to specify these to formulate the problem.) 

The motion of these bodies relative to S can be pre- 
~ ~ * ~ ~ = ~  SG 5 s  to zxzr"llange "..----L..- ---.&.I, 

1 1 I U l I I ~ l l  L U L L  W A  C11 s and thereby prodiice --,:L#.a 

The mass center of S is termed S*. Principal axes 
of inertia of S at S*  are designated Xlf X2' X3 and unit vect- 
ors il, i i are parallel to X l f  X2, X3, respectively. Corre- 

sponding principal moments of inertia are Ilf 12, 13' I3 being 
the maximum moment of inertia. 
parallel to a set of axes fixed in S which are slightly misa- 
ligned from X1, X2, X3 and plfv2,p3 is the 1'2'3 sequence of 
three axis Euler angles that describe the orientation of Ll, 
-2' i -3 i with respect to &if &if &;. 

-2' -3 

Unit vectors Li f  &if Li are 

The system of bodies carried within S is termed the 
controller C and the motion of that system relative to S is 
assumed prescribed so as to produce the control torque TC on S - 

n I I  I I  

T " = - K  w i - K  1 1 -1 2 2 i2 - 

I I 

w 2 '  w3 are where K1 and K2 are positive constants and w i ,  

ponents of the inertial angular velocity of S in the directions 
of &if A;, &if respectively. 
EQUATIONS OF MOTION 

~t is convenient to write T' in terms of components - 
in the directions of principal axes. Since principal axes of S 
are only slightly misaligned from control axes, the transforma- 
tion matrix relating unit vectors may be linearized 
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I 
it i i t  

v3 - 2  

i2 -3 1 vl 

-1 -2 -3 
i 1 -1 

i 1 -3 u2  -1 

The inertial angular velocity 'os of S may be written - 

are components in the directions of principal w 2 '  O 3  
where wl, 

axes. Using Eq. (2) to eliminate il, L2, L3 gives 

Also ,  - TC may be expressed in terms of components in the directions 
of ill i i -2' -3 

C T' = -T i - T; i2 - T: i3 - 1 -1 (5) 

where* 

*Numbers beneath equal signs are intended to direct atten- 
tion to equations numbered correspondingly. 
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I I 

TZ = -K + K2(W2+W1 p3-w3 11,) 
(1,2) 

and where higher order terms in pi, i = 1,2,3 have been dropped. 

External torques will be neglected. Then, if - HS and 
HC designate the angular momentum of the satellite S and the 
vector composite angular momentum of the bodies that make up 
the controller C, the equations of motion may be written 

dHS dHC - 
- + - -  - 0  dt dt 
- 

(7) 

Since the motion of C is prescribed to produce on S the control 
torque of Eq. (1) , then 

and consequently the equations of motion of the controller are 

Expression of the angular momentum of S in the principal axis 
system, differentiation, and substitution of Tc from Eq6.(5) and 
(6) into Eq.(8) yields equations of motion for the satellite 
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I 
1 
t 
! 
I 
B 

I 3 3  w - ( I - I ) w o =  1 2  1 2  - K  1 w 1 p2  + K2 w 2  Pl (12) 

SOLUTION OF EQUATIONS OF MOTION 

For Satellite 

Eq.(12) may be written 

Since the terms on the right-hand side involve a nonlinear term 
in w and w 2  and w1 and w 2  multiplied by p 2  and p these terms 1 1' 
may be considered small. Consequently, the time rate of change 
of w is small and w3 will be regarded as constant 3 

in the solving of Eqs. (10) and (11) for w1 and w 2 .  

will be considered valid during such time interval that 
The result 

1 where Aw3 is computed by substitution of the solutions for w 

and w 2  into 
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Replacing w 3  by w i n  Eqs. (10) and (11) and d e f i n i n g  

g ives  

T- dw2 - d2 w1 + k2 w 2  = k2w pl 

which has s o l u t i o n s  

w1 = V1 + (A cos s l T  + A2 s i n  s ~ ) e  - S O T  1 1 

w 2  = v2 + ( B ~  cos s l T  + B~ s i n  s .r)e-sOT 1 

where 

- Wkl v2 - 7 ( v l k 2 - u 2 d 2 )  e = d d + klk2 
Ok2 V 1 = -  -(p d +p k ) 
e 1 1  2 1  1 2  

( 2 0 )  
and 

s 0 = (kl+k2)/2 s1 = (e-so) 2 1 / 2  
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for 

A6 

Wi0 = Wil I i=l, 2 
.r=t=O 

6O = (kl-so)/dl 6 1  = Sl/dl 

Also, from Eqs.(4), (14) and (19) 

O1 = Vi + [(A1-B1p3)COS S1-c + (A2-B2p3)sin SITle-sOT 

w 2  = Vi + [(B 1 1 3  +A p )cos sl-c + (B2+A2p3)sin SlT1e-’oT (23) 

where 

Since Eqs. (19) and (23) show that satellite angular 
velocities decay to constant steady state values, the prescribed 
control is seen to eliminate wobble. 

The AIp3 and Bip3 terms in Eq. (23) are small in com- 
parison to Ai and Bi, i=1,2, and can be neglected. Also, for 
I -I 
that control torques dominate satellite inertia torques (a like- 
ly prospect for a momentum exchange controller of practical 
size), the terms proportional to p in the definitions (Eq. (17)) 
for dl and d2 are negligible in Eqs.(19,20; 23,24). Consequent- 
ly, for these cases, small v 3  misalignments do not significantly 
affect satellite motion. 
large K1 or K2, p3 terms in dl and d2 must be retained. 

or 13-11 not nearly zero or for K1 and K2 not so large 3 2  

3 

However, for small 13-I2 or 13-11 or 

Now an estimate Of the deviation AW of w from its 3 3 
assumed constant value will be obtained by substituting 
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w1 and w 2  from Eq. (19 )  i n t o  Eq. (16)  and i n t e g r a t i n g  t o  y i e l d  

'SOT 
- =  ( c 3  s i n  S ~ T  + c cos S ~ T )  el' + c2  + e 4 
Aw3 

w 

- 2 s  T 

(c5 s i n  2 s  1 T + 5 6 cos 2 s p )  (25) 0 + e  

i o  
w "j* 

w w io 3, and - where c 2 , . . . , < 6  are p ropor t iona l  t o  p . p  
For i n i t i a l  va lues  w and w of w and w 2  very s m a l l  i n  1 0  20 1 
comparison with i n i t i a l  value w of w3, t h e  terms involv ing  
~ ~ , . . . , 3 6  are very s m a l l .  
t i m e  T when t h e  envelopes of t h e  wobble angular  v e l o c i t i e s  
have decayed t o  1 0 %  of i n i t i a l  va lues  i s  determined from 

- 
1 j' w 0 

The va lue  of t h e  t e r m  a t  decay 

D 

So lu t ion  f o r  T~ g ives  

4.6 T = -  
D kl+k2 

and 3 T can be shown t o  be a very s m a l l  q u a n t i t y  p ropor t iona l  
t o  q u a d r a t i c  terms i n  p i ,  i = 1 , 2  which goes t o  zero  f o r  k 
k2 approaching zero and goes t o  a maximum of 

1 D  
and 1 

f o r  k and k approaching i n f i n i t y ,  Consequently, angular  
v e l o c i t i e s  determined from Eqs.(19) and (23) are accura t e  n o t  
only throughout t h e  i n t e r v a l  Osr<sD i n  which wobble rates are 
s i g n i f i c a n t  bu t  a l s o  f o r  T up t o  many t i m e s  T 

1 2 

- -  
D' 
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For C o n t r o l l e r  

I t  is convenient  t o  express  equat ions  of motion 
Eq. ( 9 )  f o r  C i n  an i n e r t i a l l y  f i x e d  coord ina te  system with 
axes p a r a l l e l  t o  i n i t i a l  d i r e c t i o n s  of s a t e l l i t e  p r i n c i p a l  
axes.  F i r s t ,  Euler  angles  r e l a t i n g  o r i e n t a t i o n  of sa te l l i t e  
p r i n c i p a l  axes with r e s p e c t  t o  t h e i r  i n i t i a l  d i r e c t i o n s  must be 
determined . 

L e t  a 3 ,2 ,1  sequence of t h r e e  axes Euler  angles  
+,, $,, 9 ,  desc r ibe  t h e  o r i e n t a t i o n  of i, , La, g3 with  r e s p e c t  
t o  i n e r t i a l l y  f i x e d  u n i t  vec tors  LlOf 
%=1,2,3.  E q . ( 1 9 )  for  angular v e l o c i t i e s  sugges t  t h a t  t h e  s a t e l -  
l i t e  a x i s  of m a x i m u m  moment of i n e r t i a  X 
motions i n  t h e  neighborhood of i t s  i n i t i a l  d i r e c t i o n  so t h a t  
9 
l i n e a r i z e d  t ransformat ion  matr ix  between u n i t  v e c t o r s  i s  w r i t t e n  

3 L A I 

i where ia0=i 1 &20f -30 --R t = O '  

experiences  s m a l l  

Then t h e  

3 

and + 2  may be considered t o  have s m a l l  values .  1 

where 

i -1 
i -2 

& l o  
c93 

-93 

i L2 0 -3 0 

s93 -92 

c93 

-3 i 9, so3 + 9.2 c93 92 s93 - 9 1  c93 1 

3 ~9~ = s i n  O3 , c03 = cos 9 

A l s o  , 

Comparison of terms g ives  

and 
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Using Eq.  (17) t o  w r i t e  Eq .  (32) i n  terms of T ,  s u b s t i t u t i n g  o1 
and w 2  from E q . ( 1 9 )  and so lv ing  t h e  r e s u l t s  y i e l d  

-So' - ($i4sin s T 

1 $i - oil + Oi2 s i n r  + $ COST + e i 3  

i=l , 2 

where T 7  T 7  

- "2  - '1 
$11 - - w $ 2 1  w 

- - -  

+ Oi5COS SIT) 

(33) 

(34) 

, i = 1 , 2 ;  j = 2 ,  ..., 5 involve t e r m s  p r o p o r t i o n a l  t o  V and 
and ' i j  a 
Loao f a=1 f 2. 

Now E q . ( 9 )  can be resolved i n t o  t h e  i n e r t i a l l y  f i x e d  
axes system p a r a l l e l  t o  L l O f  i20f -30 1 

where H 

entum i n  t h e  i n e r t i a l  r e f e rence  frame. 
H 2 ,  H are components of t h e  c o n t r o l l e r  angu la r  mom- 1' 3 

I n t e g r a t i n g  both s i d e s  of t h e  f i r s t  t w o  of Eq. (35) ,  
u s ing  Eq.  (6) and Eq.  (31) , and dropping 4 . p  t e r m s ,  i = 1 , 2 ;  

1 1  



BELLCOMM. INC. A10 

j=1,2,3 gives  

T 

- + 1 1  (K1wl I cost  - K2w; s in6)dS H1 - H 1 4 = 0  w 

I - 3 w 1 (K1w; cost - K 2 w 2  s i n  g)dg (37) 

The second i n t e g r a l s  of Eqs.(36) and (37) can be dropped i n  
comparison t o  t h e  f i r s t  and evaluat ion of t he  remaining i n t e -  

i = 1 , 2  i n  t h e  g r a l s  y i e l d s  t h e  changes AHi = Hi ( T )  - 
components of angular momentum of C. 

H i  I T = o  

1 I I 

3 - N4 AH1 = o[K V sinT + K2V2(C0ST-1)] + N 1 1  

- S O T  
+ e  (N1 s i n  U 1 ~  + N2 s i n  u2T- N3 cos u l ~  + N~ COS U ~ T )  

1 
w 1 1  

I I 

AH2 = -[-K V (COSr-l)+ K2V2 sin-r]  + N1+ N2 

-So' 
(-N3 s i n  U T +  N Sin U 2 ~  - N cos U 1 ~  - N2 cos u 2 r )  1 4 1 

+ e  
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where 

u 2 = 1 - s  1 u1 = 1 + s1 

and 

P3 = (-KIA1 + K2B2)/2w P4 = (KIA1 + K2B2) /2w ( 4 0 )  

Now, t h e  s teady  s t a t e  change i n  angular  momentum of 
t h e  c o n t r o l l e r  i s  of primary concern. Eq.(38) shows a p e r i o d i c  
change i n  an i n e r t i a l l y  f i x e d  p lane  nea r ly  perpendicular  t o  t h e  
s a t e l l i t e  a x i s  of maximum moment of i n e r t i a .  
tude  AHmax of t h i s  p e r i o d i c  change can be shown t o  be 

The maximum magni- 

1/2  
AHmax = max(AH: + AH:) 

I n t e g r a t i o n  of the t h i r d  of Eq.(35) r e v e a l s  AH3 

involves  a s e c u l a r  term, s inuso ida l  t e r m s ,  and decaying s inusoid-  
a l  t e r m s ,  a l l  of which are propor t iona l  t o  second and h igher  
t e r m s  i n  pi and wi0/w. 

t e r m  are s m a l l  i n  comparison t o  t e r m s  of AH1 and AH2, only t h e  

Since a l l  t hese  except  t h e  t i m e  growing 

- 
s e c u l a r  term w i l l  be carried i n  t h e  d e s c r i p t i o n  f o r  AH3. 

= -1K 1 AH3 V I 2  + K V I 2  - K1V1V;d2 - K2V2V;dl + V1V2(Klk2-K2kl)]~ I I  2 1 1  2 2  
0 
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APPENDIX B 

WOBBLE DAMPING FOR SMALL, CONSTANT, BODY-FIXED TORQUES 

T h e  e f f e c t s  of s m a l l ,  c o n s t a n t ,  body-fixed to rques  on 
s a t e l l i t e  and c o n t r o l l e r  motion i s  i n v e s t i g a t e d  he re .  For con- 
t r o l  t o rques  

where L1, L2,. wl, w 2  are i n  the d i r e c t i o n s  of s a t e l l i t e  p r i n c i -  
p a l  axes  and f o r  a c o n s t a n t  e x t e r n a l  to rque  T E 

- 

T~ - = T~ i.l + T~ L~ + T~ - i3 

sa te l l i t e  equat ions  of motion are 

I1 w1 + ( 1 3 - 1 2 ) w 3  w 2  = T1 - K 1 1  

13 w3 - ( 1 1 - 1 2 ) w 1  w 2  = T3 

( 4 4 )  

Eq. ( 4 7 )  may be r e w r i t t e n  

+ T31 (48) 1 2 O 1  @2 
1 
3 

L3 = +(I  -I ) 

Since  t h e  f i rs t  t e r m  on t h e  right-hand side i s  non l inea r  it may 
be cons idered  s m a l l  and if a t t e n t i o n  i s  r e s t r i c t e d  t o  very  small 
e x t e r n a l  t o rques ,  then  T3/13 i s  also a s m a l l  q u a n t i t y .  
q u e n t l y ,  t h e  rate of change 
w 3  w i l l  be regarded as cons t an t  

'Conse- 
of w3 i s  a very s m a l l  q u a n t i t y  and 
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in Eqs.(45) and (46). The resulting solutions will be consid- 
ered accurate during such time interval for which W > > A W ~  where 
Ao is computed by placing the solutions for w1 and w 2  into 3 

Defining 

- '3-'2 - 13-11 
bl - b2 - I, L1 = T1/oI1 L2 = T2/o12 

and T, kl, and k2 as in Eq.(17) of Appendix A, Eqs.(45) and 
( 4 6 )  may be rewritten 

+ kl w1 + bl w 2  - dwl 
- L1 

- 
d.r 

f 

b o + k2 o2 = L2 dw2 - -  
dT 2 1  

These equations of motion for the satellite together 
with the equations of motion for the controller are the same in 
character as Eqs.(l8) and (9) and have solutions of the same 
form. Solution of Eq.(52) yields 

-SOT 
- W1 + (D cos S ~ T  + D2 sin sl~)e w1 - 1 

' S O T  
= W2 + (E cos S ~ T  + E sin sl~)e w2 1 2 (53) 
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+ -  ("" + (":".)' - 

B3 

where 

= (Llk2 - L2bl)/f W2 = (Llb2 + L2kl)/f f = b 1 2  b + klk2 w1 

- D1 6 0 )  - w20 - w2 
- 

Dl - 9 0  - w1 

with wl0, 9 0 '  60' 61' so ,  s1 defined as in Eqs.(21) and (22) 
of Appendix A except for dl and d2 replaced by bl and b2. 

Also, the value AHmax of the maximum magnitude of the 
controller periodic component of accumulated angular momentum 
in a plane nominally perpendicular to X3 and the value AH3 of 
the time increasing component nominally in the direction of X3 

' 

are given by relations similar to Eqs. (41) and (42) 
A. 

- 

w 
= [M3 - M4 - K2W2 -)z + (MI + M2 + - 

AHmax 

L - 

- 
I- 

of Appendix 

1/2  

1 2 2 
2 1 1  AH3 = -[K W ( l -b2)  + K2W2 (l-bl) + W1W2 (Klk2-K2kl) ] T 

w 

where Mi is computed just as Ni, i=1, ..., 4 of Eq.(39) of 
Appendix A except A1, B. are replaced by D 
respectively. 

E j=1,2, 3 j' j' 
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